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We may set p 2 =p u p 2 ¥-p 3 . Hence p. z divides p^PsPe, so that we may set 
Pi^P-2. Since PiP 6 Pe-l>p 5 p e (p-i-l), we have pAp 3 —l)<p s (Pi-l), 
p, >p a . Hence p 2 >p 3 . If the third triple is of type (1, 2, 3), it may be 
taken to be p 6 , p x p 3 , pip*; p 6 , pip 6 , pip*; p s , p*p 3 , PiPtP 6 ; p 5 , pi, 
PiPsPe; Pi,, PtPe, PiPiPs', or p s , p s p e , Pxpi. Now Si is a multiple of p it 
so that S s must be. Hence for the first case, p 1 p 3 Ps is a multiple of p 2 , 
whence Pi—Pz. Then S, is a multiple of pi, so that S 3 must be; hence 
p 3 p 5 =0 (modp 2 ), which is impossible. For the second case, Pi.Pf,p^=^ 
(modp 2 ). If Pi=Pn, Si=0 {moApi), so that by S 3 , p e — Pa- In any 
event, p e =Pz and the second and third triples have PiPi=PiP 6 in common. 
For the third case, /Si=S 2 gives PiP 3 =Pi+ £ p s Pe, whence £=,j Pt; while 
S,=S 3 gives PxPi=PxPiP 5 P^ P&Pn=l (mod p 3 ), PaP e >p 3 . Forthe fourth 
case, Si =S 3 mod p z gives p 1 p 3 PaP5 =0 (mod p-z). If P\—p 2 the second and 
third triples would have a common element. Hence p 2 =p 6 . By(25),p 6 p 6 
must divide pi (p s — 1). But p 2 >p s — 1. Hence p 2 =p 6 requires p 1 =p i . 
For the fifth case, p x =^p 6 by p 2 p 6 and Pip 2 . Removing the factor p 2 from 
the S's, we see that P2P 3 p 6 p e =PaPsPe=P5Pe (mod p t ), p s =l (modpi), 
contrary to p 3 <p 1 . Forthe sixth case, Si=S 3 (modp 2 ) gives p 3 p 6 Pe=0 
(mod p-z), p 6 =Pn- As in the fourth case, Pi=p 2 . Then S lt but not S 3 , is 
a multiple of pi. 

If the third triple is of type (2, 2, 2), it may be taken to be 

Pi, PiPs, PhP<s\Pi, P\Ph, PsPe',P 2 Ps, PiPa, PiPe! Or p 2 p 5 , p 2 p B , p,p 3 . 

For the first two cases, p^Pi and S X = S 3 (mod p 2 ) gives Pe—P-i, contrary 
to the above. The third case is excluded by p 3 = l (mod p&p a ), P&Pe = l 
(mod p 3 ) ; the fourth by p t =1 (mod p 3 ), p 3 =1 (mod p, ). 
The University op Chicago, May 16, 1909. 



NOTE ON SOME POLYNOMIALS RELATED TO LEGENDRE'S 

COEFFICIENTS.* 



By B. D. CARMICHAEL, Anniston, Alabama. 



The object of this note is to point out some properties of a class of 
functions which contains Legendre's coefficients as a special case. It will 
be seen that the former possess some interesting properties belonging to the 
latter. 

1. Consider the definite integralt 

"Presented to the American Mathematical Society, April 24, 1909. 
tpf . Goursat-Hedrick, Mathematical Analysis, Vol. I, p. 173. 
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r b „d n R, A 

J . Q ^d^ dx=0 ' 

where Q is any polynomial of degree less than n. It is required to find a 
polynomial d n R/dx n of degree w(2«-l), « odd, satisfying the above equa- 
tion. Since we desire only the value of dTR/dx™ we may choose n zeros of 
R at will. Let each of them be a, so that (»— a) n is a factor of R. Now, 
integrating by parts, we have 



f b Q C ^dx\QR^-U-Q'R^-»+Q''R^-V-... ±Q(»-»ijl* 



where the indices in the brackets indicate differentiation with respect to x. 
Since (x-a) n is a factor of jB, 

i2(a)=0, iJ'(a)=0, iT(a)=0, ..., 22<«-»(a)=0; 
and therefore, 

Q(b)R<*-»(b)-Q , (b)R^-®(b)+... ±Q<«-» (&)£(&) =0; 

or, since Q is arbitrary by hypothesis, 

#«-!>(&) =0, i2<»- 2 >(6)=0, ..., iJ(6)=0. 

Hence (*— 6)" is a factor of jB; that is, 

R=c(x-a) n {x-b) n f(x), 

where f(x) is an arbitrary polynomial of degree 2w(«— 1) and c is a constant. 
Hence, 



Q^[c(a;-a)"(a!-&)»/(as)]cfe=0, 



dx 

where Q is any polynomial of degree less than n and/(x) is any polynomial 
of degree 2w(«— 1). 

Since f(x) is of degree 2»(«— 1), <* odd,* it is evident that we may 
choose f(x) so that 

R=c(x a — a? ) n (x a - b a ) n , 
and therefore 

(2) f a Q-£,[c(x a - a a )"(x* - ¥ )»]<fc=0. 



•This is the first use of the fact that a is odd. 
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Now take a— — 1, 6—1, c—^- — ;, and set 

2 n . n" 



1 d n 



so that P»i— P n in the ordinary notation for Legendre's coefficients. Then 
by (2), 

f + QP„adx=0, 
J -x 

where Q is any polynomial of degree less than n. In particular, 

/+i 
PmiPn°.dx~0, m<n, 
-i 

a generalization of the formula I PmP n dx=0, m^n. 

*' -i 

If we write P n a in the form 

1 d" 

Tna= ^n\d^^ ~ 1 ^"^ a + 1 *" 

from the indicated nth derivative of the product by Leibniz' formula, and in 
the result give to x the values +2 and — 1, we have 

P„«(l)=«", P n a(-1) = (-«)", 

a generalization of the corresponding formulae for Legendre's coefficients. 

d" 
Again, since two real roots of -3-^(a; a —l)"(a; a +l) n , s<n, are — 1 

and +1, it follows from Rolle's Theorem that P n * has n real roots between 
—1 and +1. 

2. If x, y, z are connected by the relation 

z=x+y<t>(z), 

then by Lagrange's formula we have 

f(z)=f(x)+ymf , (x)+ J £rj x [.<t>(x 2 )f (*)]+... 
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tin— 1 rfn-2 

Therefore if we assume the special relation 

z = aH-|-(z 2a -l), 
we may write the value of z in the form 

*=^f^- 1 )+^(i)s^- 1 > ,+ n(i)'l? ( ^- 1),+ "- 

Differentiating with respect to x, regarding y as constant, we have 
the formula 



dz 



dx 



1+ fr^- 1 > + ri(i)w.^- 1 >' + - 



+ 



:^i(f)"^^-»"+-- 



or, defining Po»=l, this expansion may be written, 

dz 

■^=P a+yPu+y i P 2 a=y*P 3 a+... 

an equation which holds subject to the sole condition that x, y, z are con- 
nected by the relation (3). If «=1, dz/dx becomes (1— 2xy+y*)-$ as may 
be easily shown by solving (2) for z and differentiating the result with re- 
spect to x; and therefore we have the well-known expansion of 
(1— 2xy-\-y i )~ i in ascending powers of y, the coefficients being Legendre's 
polynomials. 



